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Experiments were carried out in the turbulent boundary layer on a slightly 
heated plate in order to establish, mainly for the larger scales of motion, any 
analogy that may exist between the temperature and velocity fluctuations. 
With this goal in mind, the spectra and cospectra of the temperature and velocity 
fluctuations were measured. In  particular, the cospectra were obtained by the 
‘ fluctuation-diagram method’. It soon became evident that the temperature 
spectrum, except very close to the wall, differs strongly from the spectrum of the 
longitudinal velocity component. At least for the lower frequency spectral 
range, which includes about 80% of the total variance, the experimental results 
support an analogy between the temperature spectrum and a new type of 
spectrum consisting of the sum of the spectra of the three velocity components 
weighted by their relative energy. This analogy was established throughout most 
of the boundary layer. 

1. Introduction 
In turbulent flows, Reynolds (1874) has proposed that the mechanisms for 

turbulent transport of the momentum and heat are the same. This ‘Reynolds 
analogy ’ has been used to compute the mean temperature distribution from the 
mean velocity distribution in the case of quasi-parallel flows (Ribaud & Brun 
1942; Howarth 1953; Eckert & Drake 1959). Furthermore, if the boundary 
conditions for momentum and heat are also analogous, the mean velocity and 
temperature profiles must be similar (Kestin & Richardson 1963). 

Now the question arises whether it is possible to establish an analogy be- 
tween the temperature and velocity fluctuations. Here we are concerned only 
with slow subsonic flows that are heated slightly, so that both the Mach number 
and the Richardson number are very small and the buoyancy and compressi- 
bility effects, a t  least for the fluctuations, are essentially negligible. One may refer 
t o  Favre (1975) for a discussion of the thermal effects on the velocity field. 

Prior to the present work the following facts were considered established. 
(a)  Under the above stated experimental conditions, heat is considered as a 

passive scalar contaminant. 
( b )  It has been shown that (Corrsin 1951 ; Batchelor 1952; Lumley & Panofsky 

1964) the temperature fluctuation field does not propagate in the ordinary 
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sense but is transported by the total velocity, and the molecular diffusion smooths 
out only the small-scale turbulent temperature fluctuations. 

(c) For the present case, an analogy cannot be obtained from the total en- 
thalpy equation, namely from the adiabatic relation often used in steady com- 
pressible flows: cpB' +.ii,uU; = 0, where 8' is the temperature fluctuation and u; 
the longitudinal velocity fluctuation. The main reason is that the variations in 
temperature are not due to those in the velocity but arise owing to the external 
heat flux. Here the temperature fluctuations correspond essentially to the entropy 
fluctuations (Fame, Dumas & Verollet 1968). 

( d )  In  quasi-parallel turbulent shear flows such as a two-dimensional boundary 
layer, only one mean velocity component is important, the other two being 
negligible. Nevertheless such considerations do not apply to the velocity fluctua- 
tion field. Indeed, except very close to the wall, the intensities of the three 
components of the velocity are of the same order of magnitude. 

There is ample experimental evidence that the temperature fluctuation is 
strongly correlated both with the streamwise velocity component u; and also 
with the normal velocity component uk, e.g. in wall flows (Johnson 1955; Verollet 
1969; Verollet & Fulachier 1969; Bremhorst & Bullock 1970; Fulachier 1972) 
as well as in free flows (Corrsin & Uberoi 1949; Alexopoulos & Keffer 1968; 
Freymuth & Uberoi 1971, 1973). When the fluctuations are spectrally analysed 
one finds that the Taylor spectra of u; and of 8' are different. In  particular, the 
frequency (wavenumber) range contributing most to the total variance is a t  a 
lower frequency for u; than for 8'. This consistent difference between the two 
spectra was found in a jet (Corrsin & Uberoi 1950), in a pipe flow (Bremhorst & 
Bullock 1970), in a wake (Freymuth & Uberoi 1971) and in a boundary layer 
(Fame et aZ. 1968; Verollet & Fulachier 1970; Fulachier & Dumas 1971). 

As far as predicting the spectra of temperature fluctuations is concerned, the 
theories of Oboukhov (1949) and Corrsin (1951) were based on similarity consider- 
ations in the context of locally isotropic turbulence; they apply only when the 
wavenumbers are high enough so that the corresponding spectral ranges are 
independent of the particular conditions of the turbulence generation. I n  addi- 
tion, asymptotically high Reynolds numbers are implied. The parameters that 
are relevant are the dynamical parameters of the velocity transport field, the 
kinematic viscosity v and the dissipation c, as well as the thermal diffusivity cc 
and the thermal dissipation c8. Analogous forms for the velocity and temperature 
spectra have been established as shown by, for example, Pao (1965). For the low 
wavenumber range, which corresponds to the highly energetic and strongly 
anisotropic part of the fluctuation field, and which strongly depends on the 
particular conditions in each flow configuration, no theory exists yet. In  such a 
state of affairs, it is necessary to make experiments, especially in the range of 
the energy-containing eddies, in order to establish, if possible, any analogy that 
may exist between spectra of velocity and temperature fluctuation fields. 

The experiments reported here have been carried out in the turbulent boundary 
layer, at a relatively low Reynolds number, on a slightly heated plate. In  the 
low frequency (wavenumber) spectral range mentioned above, the experimental 
results strongly suggest a spectral analogy of a particular form. 
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FIGURE 1. Experimental scheme. 
Conventional thermal boundary St, : - - - , caae 1 ;  - * - a  , case 2. 

2. Test facility and experimental procedure 
2.1. Test facility 

Measurements were made in a open-return low-speed wind tunnel driven by a 
centrifugal blower. Paper and electrostatic dust filters were inserted upstream 
of the settling chamber. The test section had a 0-56x0.56m square cross- 
section and was 4.85 m long. The level of the wind-tunnel turbulence at the 
entrance of the test section was low: the ratio of the r.m.s. velocity fluctuation 
to the test-section mean velocity u, was (u;")4/ue -N 0.0012. Care was taken to 
reduce spanwise (three-dimensional) effects in the boundary layer (Favre & 
Gaviglio 1960) by using special damping screens in the settling chamber. The 
remaining spanwise variation of the mean velocity inside the boundary layer was 
about 1% and the maximum variation of the r.m.8. fluctuation (q )+/u ,  reached 
& 4% in the outer part of the boundary layer. 

The turbulent boundary layer developed on the flat floor of the test section. 
Because of the low Reynolds number, transition to turbulence was triggered a t  
the entrance of the test section by means of a strip. 

Electrical heaters were installed under &he floor. The surface temperature was 
monitored by 121 thermocouples suitably inserted in the wall material. The mean 
surface temperature varied over the entire plate by less than 4% of the average 
overheat (Fulachier 1972). 

Figure 1 shows the two thermal configurations. For case 1, the beginning of 
the heated zone was some distance downstream from the transition to turbulence. 
The thickness S,, of the thermal boundary layer, corresponding to the condition 
8 21 O,, was well inside the conventional thickness of the boundary layer. For 
case 2, the beginning of heating was very near the transition to turbulence and 
the turbulent flow was completely heated essentially from its beginning. In  this 

- 
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case it was possible to distinguish the turbulent flow from the outer potential flow 
by using the temperature of the fluid as an intermittency criterion 8 > 8, in 
the turbulent zone and I9 N 19, in potential flow, as shown experimentally in the 
boundary layer by Dumas, Pulachier & Arzoumanian (1972). The method, 
now classic, is used even in free flows, where the rate of entrainment of potential 
flow is higher than in the boundary layer (Kovasznay & Ali 1974; Antonia 
1974). 

2.2. Mean $ow characteristics of the heated bounda,ry layer 

At the measurement station (x = 3.69 m), the mean flow characteristics were 

outer free-stream velocity 
conventional boundary-layer thickness 6 = 62 mm (GI = u,), 
displacement thickness 
skin-friction velocity 

u, = 12 m s-l, 

8, = 8.13 mm, 
u* = 48 cm s-l, 

skin-friction coeficient cr = 32 x 10-4. 

Owing to limitations of the available equipment, the Reynolds number was 
rather low, 9f8 2: 50000, and the streamwise pressure gradient was slightly 
negative; the absolute value of the Clauser parameter n- = Slp-1u;2dF/dx was 
small (In[ < 0.019). 

In  case 1, the mean thermal conditions were 

e,- e, = 21 oc with s,, 2: 0-52s, 

the Stanton number being St = 2 0 . 5 ~  
temperature being O* = 1-2 "C.t In  case 2, 

and the corresponding friction 

e,-e, = 22 oc, s,, = s, St = 16.7 x 10-4, e,  = 0.99 o c .  
The influence of such a low heating on the profiles of mean velocity, variance 

and covariance was not detectable, indicating that the buoyancy effects were 
negligible within the accuracy of the measurements. 

2.3. Experimental procedure 

The measurements were made with constant-current hot-wire anemometers. 
The wire, made of platinium-rhodium, was generally 2.5 pm in diameter and 
0.8 mm in length. The hot-wire thermal lag, less than 0.4 x s, was always 
compensated by an analog circuit and the proper adjustment was obtained by 
using a high frequency square-wave method (Gaviglio 1962). The distance 
separating the planes of the two wires of an X-probe was chosen as 0.3-0.4 mm 
so as to be large enough to avoid the mutual interaction of the two wires but not 
too large with respect to spatial gradients to be encountered. Indeed, it was 
noticed that the correlation between the temperature fluctuations 8' measured 
by the two wires vanishes rapidly with increasing separation distance; this 
holds equally well for u; and ui. 

The variance and the covariance of temperature and velocity-component 

t St = qW/pec3,ue(OW-OB), 8, = qw/pwcpZt*, qw = heat flux at the wall. 
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fluctuations have been obtained by the ‘ fluctuation-diagram ’ method. This was 
first established for supersonic flows (Kovasznay 1953), but may be applied, 
as here, to low velocity heated flow as shown by Verollet (1969, 1972). The 
method will be recalled below, for the case of frequency-filtered fluctuations. 
Measurements of ui2, Of2 and O‘u; were also made by using two parallel wires 
and the variables u; and 0’ were separated using an analog device, but with that 
method the accuracy was less than that obtained by the fluctuation-diagram 
method. 

Measurements of spectra. The properly compensated hot-wire output signals 
were passed through a frequency filter, in fact an analog analyser (Dumas 1964). 
The central frequency range of the analyser extended from 1 Hz to 6000 Hz; 
above 3000 Hz it was necessary to apply some corrections in order to take into 
account the effect of the high energy level a t  lower frequencies (diaphonic effect). 
Further corrections were made for the anemometer band-pass characteristics 
(1-6000 Hz at 3 dB). 

The method used to measure the cospectra, and also in some cases the tem- 
perature spectra, was based on the above-mentioned fluctuation-diagram method. 
Using a caret to denote a frequency-filtered fluctuation, the usual linearized 
theory gives for the hot-wire output voltage 

- -  

&(t) = - y.ic;(t)/c, +P&(t)/8, 

where y and /3 are sensitivity coefficients. From (1) we obtain the statistical 
equation by squaring and averaging: 

- 
This is a hyperbolic relationship between [ (S’)2]3/P and s in which the variances - - - 

and (8’ )2  and covariance are constant parameters. 
For zero heating current, the variable s is zero, and it increases monotonically 

with increasing heating current. By using several (e.g. twelve) values of the 
heating current, it  is possible to obtain the hyperbola with good accuracy. 
Hence the variances and covariance can be calculated from the parameters of 
the hyperbola. 

When using a filter of a narrow bandwidth Af, (2) becomes, to a good approxi- 
mation, a relationship among the spectra: 

where &(f ), &( f) and G,B( f )  are respectively the Taylor spectra and cospectrum, 
normalized to unity, of the u; and 8’ fluctuations, and Fe( f )  is the conventional 
power spectrum of the output voltage signal. In  fact, the analyser used had a 
bandwidth which was not constant, but proportional to the centre-frequency; 
this is the reason why figure 2 shows examples of the quantity [p/3-”fe( f )I& 
for two different frequencies, plotted on an arbitrary scale, as a function of the 
sensitivity ratio s’ = sS/(O,- 0). The curves are really portions of hyperbolae 

- 
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FIGURE 2. Fluctuation diagram of the filtered signals (single wire); y/6 = 0.113, case 1. 
A,f = 61.2Hz; 0,f = 2599Hz. 

fitted to the data. Each curve yields, for a given frequency f,  the corresponding 
values of three quantities: the spectra Fl(f) and Fe(f) and cospectrum Pi,e(f), 
each multiplied by an arbitrary constant. 

The temperature fluctuation spectra Fe(f) may be obtained, as usual, more 
directly by using a hot wire with a very low heating current. However, when 
using (3) it  was necessary to apply some corrections, mainly due to the first-order 
term with respect to s, i.e. - Zs(u;8’/~,8) Pi,e(f), which was not negligible under 
the existing operating conditions; this term, which is often ignored, can be the 
principal source of errors in measurements of temperature fluctuations, even 
when using relatively low heating currents. 

In  order to measure the cospectrum P2.e of the fluctuations in the velocity 
component u;l normal to the wall and the temperature, it was necessary to use 
an X-wire probe. The fluctuation-diagram method applies in a similar way: 

- 

where and (&I)II are the outputs of the two wires of the X-probe; E and P 
are the sensitivity coefficients, corresponding respectively to the orthogonal 
velocity and temperature of the X-probe. In  this case, the variable 

- -  
[(U - (OEII/W - - 

was a linear function of s, which determines the cospectra &;&; and &$’ or 
and PZ,s, respectively. Equation (4) reads in spectral form, with the same 

assumptions as for (3), 

Figure 3 shows diagrams giving [mF,,( f) -m1&( f )] f / ~ E P  as a function 
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FIGURE 4. Influence of the time compensation of the wire; y* = 80. 0,  correct 

time constant, M = 253 pus; 0, under compensated, M' = 0.67M. 

of's' plotted on an arbitrary scale, for three frequencies. Each straight line gives, 
for a frequency f, the corresponding values of the cospectra and PZ,@ multi- 
plied by arbitrary constants. In  fact, in drawing the straight lines no account 
was taken of the data corresponding to the weakest heating current. Although 
a full error analysis was not made, it was noticed that the Reynolds-stress 
cospectra measured both without heating and in a heated flow were 
practically the same (Pulachier 1972; see also figure 11). 
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FIGURE 5. Dissipation frequency ratio NO/K1 in a boundary layer and in a pipe. 
0 ,  boundary layer (case 2) ; 0, pipe (a = radius of pipe). 

In the figures, the spectra are weighted with frequency in the form f P ( f )  
and plotted as a function of log f. In this presentation, the area under the curve 
is proportional to the variance, a very useful feature for our purpose here. 

An important effect due to the thermal lag compensation was noticed. Figure 
4 shows the error introduced in the spectral density distribution owing to in- 
correct compensation of the hot wire (33% undercompensated). 

Although the primary interest in the present investigation was in the energy- 
containing eddies, a check on the measurements in the dissipation spectral 
range has been made. For this purpose it is assumed that the ratio of the dissi- 
pation frequencies NOIN, is the same in the wall region of both the boundary layer 
and the pipe flow. The dissipation frequency is defined by 

where No and Nl correspond to 8' and u: respectively. 
Figure 5 shows satisfactory agreement, even outside of the wall region, be- 

tween the values of NOIN, measured in the boundary layer by the spectral method 
and those measured recently in pipe flow by Elena (1975), using an analog 
derivative device and a hot wire 1 pm in diameter, with very low overheating. 

3. Experimental results 
Although the spectra were obtained as functions of the frequency, for con- 

venience, as usual, the wavenumber k, = 2nf/iil will be used. This change, 
however, must be considered only as a change of scale without any physical 
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FIUURE 6. Comparison of temperature spectra in the two experimental cases; z = 3.69 m. 

0, case 1, a,, N 0.528; 0 ,  cme 2, 8, 2: 8. 

implications. Moreover, the purpose of this research is to compare velocity and 
temperature spectra a t  the same point in space, therefore the numerical value of 
the mean velocity ti, is irrelevant. 

3. I. Influence of thermal boundary conditions o n  temperature spectra 

Figure 6 compares temperature spectra Fo(kl) measured for the two different 
heating configurations (cases 1 and 2 )  taken a t  the longitudinal distance 
x = 3.69 m at three distances from the wall: y/S = 0 4 6 5 ,  y/S = 0.242 and 
ylS = 0.323. It must be stressed that cases 1 and 2 correspond to very different 
thermal boundary conditions, while the dynamic configuration of the boundary 
layerremainedunchanged (for case 1, y/S,, E 0*52y/S, and for case 2, y/S,, 21 y/S) .  
The difference between measured spectra in the two cases is very small indeed 
even as far as y/S = 0.323. So, a t  these distances from the wall, the different 
thermal boundary conditions had no significant effect on the spectra. On the 
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other hand, the mean temperature profiles in the two cases, properly scaled 
with 8* and u*, are similar up to only about y/S s: 0.16. 

From here on, the experimental conditions in case 1 apply to data given in 
figures 7 (a )  and (b)  and the conditions in case 2 to all the other figures. 

3.2. A comparison between velocity and temperature spectra and cospectra 

As was stated earlier, in general the fluctuations 8’ are strongly correlated with 
the longitudinal velocity component u; and also with the normal component uh. 
Indeed, rl,,, the correlation coefficient between u; and 8’, is negative in the 
present case, with an absolute value of about 0.9 a t  the outer edge of the viscous 
sublayer (y* = u* y /v  N lo), gradually dropping to about 0.5 in the central part 
of the boundary layer; in the intermittent zone, i t  decreases practically to zero. 
Near the wall, Elena (1975) has found, in a pipe, the absolute value of rl,, in the 
viscous sublayer to decrease rapidly towards the wall. In  the boundary layer, 
r2,8, the correlation coefficient between uh and O’, remains practically constant, 
at about 0.6, in the fully turbulent portion. It decreases rapidly in the inter- 
mittent region. These results were obtained in case 2,  with the entire turbulent 
region heated (Fulachier 1972). 

Systematic measurements were made to obtain spectra of 8‘ and u;, as well 
as cospectra of 8‘ and u;, a t  several positions in the boundary layer (Fulachier 
1972), and some typical examples are shown here. Figure 7 ( a )  shows the weighted 
cospectrum -rl,,Pl,o(kl) obtained in case 1, together with the velocity and 
temperature spectra Fl(kl) and F,(kl) respectively. The distance from the wall is 
y/6 = 0.113, i.e. y+ = 224; the value of rl,B is - 0.64. The temperature spectrum 
Fo has been corrected for velocity contamination (see $2.3). It is clear that F, 
is markedly different from the velocity spectrum Fl except for lower frequencies. 
Moreover, there is a flat part and an inflexion point in the F, curve in 

15 m-1 < k, < 30 m-l, 

corresponding to the flat portion of the Fl curve and to where the cospectrum 
Pl,e is also near its maximum value. However, the variation suggested by Tchen 
( k r l )  applies to a smaller spectral range for temperature than for longitudinal 
velocity. Figure 8 (a ) ,  whichgives the spectrum F,(k,) of the normal velocity com- 
ponent, the temperature spectrum Pe(k1) and the cospectrum r2,,P2,,(k1) obtained 
at the same distance from the wall but for case 2, shows that, in the frequency 
range where F, attains its maximum value, F, and Fo are strongly similar. 

Figures 7 ( b )  and 8 ( b )  show the same comparison between spectra and co- 
spectra but at a greater distance from the wall (y/6 = 0.242, i.e. y* = 480). 

From the above results, it  appears that the temperature fluctuations are 
controlled by the streamwise velocity component u; at low frequencies but by 
the normal component u; a t  higher frequencies (Fulachier 1971). 

3.3. Proposed spectral analogy 

The influence of the longitudinal and orthogonal velocity components on the 
temperature fluctuations has already been demonstrated. With regard to the 
spanwise component u& we note that the correlation uA8’ must vanish by virtue 

- 
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FIGURE 7. Comparison between temperature spectrum and longitudinal velocity spectrum ; 
case I. - , k, F6; 0 ,  k, F,, heated flow; 0, k, Fl, isothermal flow; 0, cospectrum, 
-klrl ,6 Pl,6. (a)  y* = 224, rl,@ = -0.64. (b) y* = 480, rl,e = -0.48. 

of symmetry when the mean flow is two-dimensional. However, because the 
temperature field is essentially dependent upon the velocity field, there are 
instantaneous lateral heat fluxes. Therefore, the three velocity components 
contribute to the transfer of heat, when the latter is considered as a passive scalar 
contaminant. If we then consider the corresponding spectra, the temperature 
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FIGURE 8. Comparison between temperature spectrum and orthogonal velocity spectrum. - , k, F e ;  0, k, F,, isothermal flow; 0, cospectrum, k,r,,e P2,e ( r , , ~  = 0.60). 
( a )  y* = 224. (a) y* = 480. 
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fluctuations and the three components of the fluctuating velocity vector may be 
linked, though the u;O’ correlation is zero. Indeed one may recall that, for iso- 
tropic turbulence, u;ui is zero for i + j. However there exists an explicit rela- 
tionship, for incompressible flow, between the spectra of the ul and u(i compo- 
nents. 

In the spirit of the above remarks, which leave the problem open, we have 
searched empirically for a spectral analogy between the temperature fluctuations 
and an appropriate scalar involving all three components of the velocity 3uctua- 
tions. The first step (Fulachier & Dumas 1971; Fulachier 1972), for the variances, 
is to compare the autocorrelation O’(t) O’(t +7)  and the scalar autocorrelation of 
the velocity vector defined by v ’ ( t )  .v’( t  +7), where 7 is the time lag and v‘ the 
velocity vector, with components u;, u; and u;. 

If we introduce the Fourier transforms of the above autocorrelations, the 
temperature spectrum F,(f)  and the vector velocity power spectrum Q ( f )  
must be compared. The latter is defined as 

- 
- 

The proposed analogy was tested and figures 9 and 10 compare the temperature 
spectrum k, F,(kl) with each of the three velocity-component spectra 

as well as with the newly defined spectrum k,Q,(k,), all plotted as function of 
log k, at various distances from the wall. 

Figure 9 ( a )  displays results obtained at y* = 16, very close to the region of 
the maximum production of turbulent kinetic energy. F2 and F3 were measured 
only at  some distance from the wall (y* 2 80). It was assumed that near the wall 
the non-dimensional form of these spectra is independent of y* as long as they 
are presented as functions of the wavenumber k, (and not of the frequency f ) .  
The mean-square valuesG a n d q  were necessary for the weighting factors; they 
were borrowed from Klebanoff (1954).  In  fact, ui2/qf2 N 0.04 and u;2/ql2 N 0.14, 
and consequently the error introduced by the estimation of the spectra in the 
above-described manner had no great influence on the spectrum Q(k,) in the 
region where it depends mainly on the longitudinal spectrum F,(k,), which 
contributes 82%. For this reason, a t  y* = 16, F, and Q are not much different. 
The temperature spectrum F, is also similar, but lies still closer to Q. Note that 
in this figure the temperature spectrum was not corrected for velocity contami- 
nation but, when taking into account the fact that the absolute value of the 
correlation coefficient between 0‘ and u; is high for the energy-containing 
frequencies, the eventual correction would be small and it would only slightly 
shift the temperature spectrum towards the higher frequencies. 

-I- -- 
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FIGURE 9. Comparison between temperature spectrum and velocity spectrum Q. 0, 

(u'Z/q'z) k, Fa. (a) y* = 16. (b)  y* = 32. 
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Figure 9 ( b )  shows spectra obtained in the same manner, using the same type 
of estimates as in the previous figure, but now a t  the distance y* = 32. It may 
be noticed that the temperature spectrum Fe appears to be very close to Q but 
differs markedly from Fl. This is explained by the relative decrease in the 
variance of the longitudinal component of the velocity fluctuation with respect 
to that of the other components. 
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FIGURES 10 (a-c).  For caption see page 273. 
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FIGURES 10 (d-f) .  For caption see page 273. 
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FIGURE 10. Comparison between temperature spectrum and velocity spectrum Q. 0, 
k ,  F,, measured; -, klB’o, corrected; --, klQ; --, k l F l ;  0 ,  (uF/q“) klFl;  ., 
(u:/q’Z) k,  F 2 ;  A, ( ~ j ~ / q ’ ~ )  k1F3.  (a) y, = 80. (b) y* = 128. (c) y* = 224. (d )  y/8 = 0.161 
(y* = 320). (e) y/S = 0.242. (f) y/S = 0.323. (9)  y/S = 0.484. ( h) y/S = 0.646. (i) y/& 
= 0.806. 
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F I G ~ E  11. Temperature and velocity turbulent production cospectra; y* = 224. 
0, k, Pl,a, isothermal flow; a, k, Pl,2, heated flow; 0, k1 p z , e .  

In  figures lO(u), ( b )  and (c) similar data are shown for distances y* = 80, 128 
and 224 respectively, which still correspond to the inner part of the boundary 
layer. Here the temperature spectra were corrected for the effect of contamina- 
tion by the longitudinal velocity component. In  this region (80 < y+ < 224), the 
temperature and longitudinal velocity spectra differ more than they do nearer 
to the wall because the longitudinal-component variance has decreased with 
respect to the others. On the other hand, the temperature spectra are quite 
close to the Q spectra for all but the highest frequencies. A flat part appears in 
the klFl spectrum (kyl variation according to Tchen’s law) and, over a more 
narrow frequency range, in the k, Q and k, Fe spectra, as previously noted. 

Figures lO(d)-( i )  show the spectra in the outer part of the boundary layer 
at y/6 = 0.161 (y* = 320), 0.242, 0.323, 0.484, 0.645 and 0.806 respectively. 
Corrections for velocity contamination in the temperature spectra were made 
only in figures 10(d)  and ( e ) .  The spectra Q and Fe almost coincide except at the 
highest frequencies. The streamwise velocity spectrum F, is always quite 
different from F,, although in the intermittent region this is less visible. The 
spectral variation with l c ~ l  disappears for F, and, consequently, according to 
the analogy, for the Q and Fo spectra. 

So it was found that, a t  this Reynolds number, the proposed analogy applies 
in all parts of the boundary layer for the lowest frequencies, which include about 
80% of contribution to the kinetic energy and to the temperature variance. 
Besides, recent experiments by Schon (1974) in a thermal boundary layer with 
unstable stratification appear to corroborate roughly this proposed analogy. 
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The departure from the analogy appears to occur roughly at frequencies higher 
than the dissipation frequency Nl. This fact has been emphasized in the figures 
where the wavenumbers (kJd = 2nNl/El were used explicitly. It appears that 
at the highest frequencies the Fo spectrum lies above the Q spectrum. This is a 
little surprising, if we consider that the molecular Prandtl number is less than 
unity. The spectra given for the highest frequencies are believed to be accurate 
since the experimental data obtained were compared with other measurements 
(see figure 5). As well, the above results are consistent with the fact that the peak 
of the production cospectrum Po, was shifted towards the highest frequencies 
with respect to the velocity production cospectrum Pl, 2, as shown on figure 11. 

4. Relationship between the turbulent kinetic energy and the variance 

The spectral analogy which has been developed, emphasizes the importance 
ofq’2 us. 8’2. On the other hand the moments of the turbulent quantities are 
often related to the gradients of the mean values by an explicit or implicit 
assumption of gradient diffusion. Therefore the ratio 

of temperature fluctuations 

was calculated and plotted on figure 12. This demonstrates that B N 1.5, 
remaining nearly constant across most of the boundary layer, 0.04 5 y/6 5 0.8. 
Very near the wall, the present measurements are incomplete but we may 
remark that at  the wall, i.e. in the limit as y - f  0, 

where Pr = pc,/k is the molecular Prandtl number. 
The experiments of Elena (1975) also indicate that the limiting value of B 

is 1.5. Indeed, according to his data at y* N 1.5, (p)tu+le*/(P)4 = 2 and 
Pr 21 0.73. So B appears to be constant in the entire boundary layer except for 
the outer intermittent zone (y/6 2 0*8), where results are rather uncertain. 

Recalling the most common forms for the turbulent transfer terms, 
- - 

-u;uL = aqI2 (Townsend 1956, p. 98), 
- - -  
O’U; = ao[O’2( - u ; u ~ ) ] ~  (Bradshaw, Ferriss & Atwell 1967), 

one obtains B = Pr,a,/.Ja, where Pr, is the Prandtl number of the turbulence: 

It appears, from the available experimental data, that the assumption that B 
is constant across the layer is much better than the usual assumptions that a, 
ae and Pr, are constant. 

18-2 



276 L. Fulachier and R. Dumas 

0 0.2 0.4 0.6 0.8 1 .o 

Y/S 
-- 

FIGURE 12. Variation of B = ( q r 2 / O ’ z ) ~  las/ayl/(a.ii,/ay) in the boundary layer. 

5. Conclusions 
An experimental investigation has been carried out in order to establish an 

analogy between the turbulent temperature and velocity fluctuations in a low 
Reynolds number boundary layer. For the comparison, spectral analysis was 
used, concentrating especially on the low frequency range that contains the 
major portion of the variance for the fluctuations considered. In  this low fre- 
quency range, the previously used scalar mixing formulae do not provide satis- 
factory analogies. Thus an experimental study was needed. 

The spectra of the temperature fluctuations and of the turbulent velocity 
components were measured across the boundary layer from y* = 16 outwards 
to positions well into the intermittent zone. The cospectra between temperature 
and velocity fluctuations were also measured in some selected cases. 

The principal results obtained are as follows. 
(i) The temperature spectrum Fe differs strongly from the spectrum Fl of 

the longitudinal velocity component, except in the buffer layer, and is shifted 
towards the higher frequencies. 

(ii) In  the lowest frequency range the cospectra show that the temperature 
fluctuation 8’ is strongly correlated with the streamwise velocity component, 
but at higher frequencies 8’ becomes correlated with uk, the velocity component 
normal to the wall. 

(iii) Within the region of the logarithmic mean velocity profile, the spectral 
relation of Tchen (kll) has a moderate range of validity for Fl(kl). Because of 
the strong correlation of 8’ with the streamwise velocity component, the spectrum 
Fe exhibits similar behaviour, but in a much smaller frequency range. 

(iv) The experiments have established rather conveniently the spectral 
analogy between the temperature spectrum F, and a velocity spectrum &. The 
latter is defined as the sum of the three velocity-components spectra weighted by 
their relative variances. This finding is equivalent to the similarity between the 
autocorrelation O’( t )  O’(t + T) and the autocorrelation of the velocity vector 
v’(t) . v’(t + 7 ) .  Measurements demonstrate that, throughout the boundary layer, 



Temperature and velocity Jluctuations in a boundary layer 277 

the spectra Fo and Q are similar for the lower frequency range that includes 
about 80% of the variance. 

(v) The analogy suggests the definition of a non-dimensional parameter 

which appears to be constant across the boundary layer, except perhaps in the 
strong intermittency zone. The experimental evidence obtained can be used to 
reinforce the prediction methods for heated turbulent boundary layers. 
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